The ratio method has been developed to improve the study of one-neutron halo nuclei through reactions. By taking the ratio of angular distributions for two processes, viz. breakup and elastic scattering, this new observable is nearly independent of the reaction mechanism and hence much more sensitive to the projectile structure than the cross sections for each single process.
I. INTRODUCTION
The development of radioactive-ion beam (RIB) facilities in the mid 80's has opened the door to the study of nuclear structure away from the β-stability line. This technical breakthrough has enabled the discovery of new phenomena that are not observed in stable nuclei. The existence of neutron halo or neutron skin in some nuclei [1] [2] [3] , the emergence of new magic numbers [4] [5] [6] [7] , and shape coexistence [8, 9] are so many examples of these exotic features, which challenge the current nuclear theory.
Because they are located beyond the β-stability line, these exotic nuclei cannot be studied through usual spectroscopic methods. Experimentalists must then rely on indirect techniques, such as reactions, to analyze their structure. For example breakup reactions are one of the mostly used tools to study halo nuclei [10] . In these reactions the loosely-bound valence nucleon dissociates from the core of the nucleus during its interaction with the target, hence revealing its strongly clusterized internal structure. In order to extract valuable nuclearstructure information from experiment, an accurate reac-tion model coupled to a realistic description of the projectile is needed. Various such models have been developed within the last thirty years (see, e.g., Ref. [11] for a recent review). Albeit precise, breakup calculations depend on the optical potentials, which simulate the interaction between the target and the projectile internal clusters. The resulting breakup cross sections may be quite uncertain due to the ambiguities inherited from optical potentials [12] . Such problems make the study of cluster structures with breakup measurements more difficult than initially thought.
The ratio method was recently suggested to circumvent this issue in the study of one-neutron halo nuclei [13, 14] . The core idea of this method is to look at the ratios of angular distributions for different reaction channels that occur in the collision, viz. breakup and elastic scattering. Theoretically, it is based on the recoil excitation and breakup (REB) model of reactions induced by one-neutron halo nuclei [15, 16] . This model predicts this ratio to be independent of the reaction mechanism, and in particular to be insensitive to the optical potentials, whose influence on the different cross sections cancel out when taking their ratio. According to the REB model, the ratio should be equal to a form factor that depends only on the projectile wave functions, making this new observable much more sensitive to its internal structure than the individual reaction cross sections.
The excellent results obtained for one-neutron halo nuclei, even beyond the range of validity of the REB [17] , lead us to consider the extension of the ratio method to study the single-particle structure of proton-rich nuclei. This extension is not self-evident because the REB is built on two simplifying assumptions that are likely to be breached for proton-rich nuclei. First, the REB neglects the interaction between the valence nucleon and the target. For a valence proton it is not fully clear that this can be done because it is always sensitive to the Coulomb field of the target. Second, the adiabatic-or sudden-approximation is applied to the treatment of the projectile dynamics [15, 16] . This is usually valid for short-ranged nuclear interactions. However due to the additional Coulomb force between the proton and the target, this approximation might lapse. The goal of this work is to evaluate the significance of these approximations in reactions involving proton-rich nuclei and see whether the ratio method still holds for these exotic systems.
After a brief description of the ratio method in Sec. II, we analyze in Sec. III the collision of 8 B-an archetypical one-proton halo nucleus-on various targets at intermediate energy. As in Refs. [13, 14] , we consider for reaction model the dynamical eikonal approximation (DEA) [18, 19] , which has shown to provide excellent results for the breakup of 8 B at intermediate energies [20] . We estimate the validity of the ratio method by confronting these reaction calculations to the REB predictions. Then, in Sec. IV, we study in detail the sensitivity of the ratio to various aspects of the projectile structure: its binding energy, the partial-wave in which the halo proton is bound to the core etc. We also check how the ratio behaves when considering a range of energies in the continuum instead of a single energy. In Sec. V, we explore the possibility to use the ratio method to study other proton-rich nuclei, namely, 17 F, 25 Al, and 27 P, whose study is of interest to both nuclear astrophysics [21] [22] [23] [24] [25] and nuclear structure [26, 27] . These nuclei exhibit the clear singleparticle structure of a proton outside a core, for which the ratio method could fit well. We look in particular for the optimum experimental conditions, hoping to lay the ground for the experimental validation of the method with proton-rich nuclei. Our conclusions are drawn in Sec. VI.
II. THE RATIO METHOD IN A NUTSHELL

A. Model of reaction
We describe the collision within a three-body model: a two-body projectile impinging on a one-body target. The projectile P is composed of a proton p of spin 1/2, which is loosely bound to a core c of atomic and mass numbers Z c and A c , respectively. The atomic and mass numbers of the projectile are thus Z P = Z c + 1 and A P = A c + 1, respectively. For simplicity, we neglect the spin and internal structure of the core. Such a two-body structure is described by the Hamiltonian
where µ cp = A c m N /A P is the c-p reduced mass, with m N the nucleon mass, r is the relative coordinate of the proton to the core and V cp is a phenomenological potential that simulates the core-proton interaction. In this model, the states of the projectile are described by the eigenstates of H 0 , which read, in the partial wave ljm,
where l is the orbital angular momentum for the c-p relative motion, j is the total angular momentum obtained from the coupling of l with the proton spin, and m is its projection. Negative-energy states are discrete and form the bound spectrum of the nucleus. To distinguish them, we introduce within their notation the number n of nodes in the radial wave function. The positive-energy eigenstates of H 0 describe the continuum of the projectile, i.e., the states in which the proton is dissociated from the core. This continuum may include one-proton resonances. The parameters of V cp are adjusted to reproduce the experimentally known low-energy states of the projectile, its bound states and, when possible, some of its resonances.
The target T is considered as a structureless body of atomic and mass numbers Z T and A T , respectively. Its interactions with the core and the valence proton are simulated by the optical potentials V cT and V pT , respectively. These potentials are chosen from the literature, or built from folding procedures [28] and reproduce the elastic scattering of each of the constituents of the projectile with the target.
If we define R as the P -T relative coordinate, the coreand proton-target coordinates read R cT = R − 1 AP r and R pT = R+ Ac AP r, respectively. In the Jacobi set of coordinates {r, R}, the three-body Schrödinger equation that describes the collision reads
where
is the P -T reduced mass and Ψ is the three-body wavefunction. Initially, the projectile is in its ground state n 0 l 0 j 0 of energy E 0 and has an initial P -T relative momentum K 0 . This fixes the total energy of the system in its center-of-mass rest frame to E tot = 2 K 2 0 /2µ P T + E 0 . WithẐ the direction of the incoming beam, the initial condition reads
To solve Eq. (3), we choose to use the dynamical eikonal approximation (DEA) [18, 19] . This approximation simplifies the equation to be solved, allows for shorter computational times, and is very accurate at intermediate energies [29] . In particular, for the protonrich nuclei studied here, the DEA provides excellent agreement with the MSU breakup experiments on 8 B at 44, 81, and 83 MeV/nucleon [20, [30] [31] [32] . In this work we use the Coulomb-corrected version of the DEA detailed in Ref. [33] .
B. The ratio idea
In Ref. [13] , a new reaction observable has been suggested to study one-neutron halo nuclei. Instead of looking at elastic scattering or breakup cross sections separately, the idea is to measure the ratio of cross sections, and more precisely the ratio of the breakup angular distribution for a given energy E in the core-valence-nucleon continuum (dσ BU /dEdΩ) and the so-called summed cross section, which corresponds to all the quasi-elastic processes: elastic and inelastic scattering, and breakup
The ratio observable hence reads
is proportional to the transferred momentum from the initial K 0Ẑ to the final K ′ momenta, and is approximately related to the scattering angle between the projectile center of mass and the target after the collision by Q ≃ 2 AP K 0 sin(θ/2). The recoil excitation and breakup model (REB) [15, 16] predicts this ratio to be equal to a form factor that depends only on the structure of the projectile
with
This observable should thus be independent of the reaction mechanism and therefore provide a very accurate probe of the nuclear structure. In particular it should be independent of the optical potentials chosen to simulate the interaction between the projectile constituents and the target, which can significantly affect reaction calculations [12] . The REB is based on two simplifying approximations, which enable the exact resolution of Eq. (3). First, it neglects the interaction between the valence nucleon and the target [viz. V pT = 0 in Eq. (3)] and, second, it assumes the adiabatic-or sudden-approximation (viz. H 0 ≃ E 0 ). In Refs. [13, 14] , it has been shown using the DEA that the ratio idea derived from the REB works well for one-neutron halo nuclei even if these two conditions are not met in real cases. In a later work, the extension of the ratio method to low beam energy, viz. down to 20 MeV/nucleon, has been demonstrated [17] .
One practical conclusion of these previous analyzes is that although the ratio should be independent of the reaction process, it seems more efficient in collisions where the Coulomb interaction is less significant, i.e. on light targets, because in these cases, the adiabatic approximation is better justified. This suggests that the ratio method could also be used to study the single-particle structure of proton-rich nuclei, such as proton-halo nuclei, even though the presence of a Coulomb term in the interaction between the valence proton and the target certainly breaches the V pT = 0 hypothesis made within the REB and would make the adiabatic approximation less valid. The main goal of the present work is to see whether the ratio method can be extended to the case of proton-rich nuclei and what are the best experimental conditions to measure it in practice. We proceed as in the previous works [13, 14, 17] and compare the REB prediction (8) to precise DEA reaction calculations for this observable. To this aim, we initiate our study with 8 B, which exhibits a very clear one-proton halo structure, before extending the idea to other proton-rich nuclei.
III. EXTENSION OF THE RATIO METHOD TO
A. Inputs to the reaction model
The nucleus 8 B has a strong 7 Be-p cluster structure and is usually considered as the archetypical one-proton halo nucleus. It therefore constitutes the ideal testcase to study the extension of the ratio method to one-proton halo nuclei. In this section, we study the collision of 8 B on Pb, C, and Ni targets at 44 MeV/nucleon. The spectrum of 8 B includes only one bound state, which exhibits a oneproton separation energy of a mere 137 keV. Its 2 + spin and parity are obtained predominantly from the coupling of a 0p 3/2 proton with the 3 2 − spin of the ground state of 7 Be [34] . Following Refs. [20, 35] , we use the simplified version of the description of 8 B developed by Esbensen and Bertsch in Ref. [36] . This description neglects the spin of the core and reproduces the bound state of 8 B as a 0p 3/2 proton bound to a spinless 7 Be core.
Optical potentials VcT and VpT
The 7 Be core being the mirror nucleus of 7 Li, we follow Refs. [20, 35] and choose to simulate the c-T interaction by optical potentials that were fitted to 7 Li elasticscattering data. For the 208 Pb target, we extrapolate the global potential suggested by Cook in Ref. [37] to reproduce the elastic scattering of 7 Li on various targets, from 24 Mg to 208 Pb, in an energy range 28-88 MeV. For the 12 C target, we consider the potential developed in Ref. [38] to fit elastic-scattering data of 7 Li off 12 C at 350 MeV. For the 58 Ni target instead, we rescale the potential developed in Ref. [39] to fit elastic-scattering data of 4 He off 58 Ni at 240 MeV.
To test the independence of the ratio to the c-T interaction, we also use, for the Pb and C targets, the potentials from Refs. [40, 41] , which are listed in the Perey and Perey compilation [42] . The former has been fitted to reproduce the elastic scattering of 6 Li on 208 Pb at 30 MeV, whereas the latter simulates the scattering of 7 Li off 12 C at 36 MeV. We have rescaled the radius of the former to account for the mass difference between both projectiles. Although these potentials have been developed for energies well below the ones considered here, we neglect the possible energy dependence of these interactions. This second set of potentials will be referred to as V ′ cT in the following.
To simulate the p-T interaction, we use the nucleontarget global optical potential of Becchetti and Greenlees [43] on the 208 Pb target. For the 12 C and 58 Ni targets, we consider the Koning-Delaroche global parametrization [44] .
Numerical conditions of the calculations
The cross sections entering the computation of R sum [see Eq. (6)] are calculated within the DEA [18, 19] using the Coulomb correction from Ref. [33] . The computations are done with the algorithm presented in Ref. [45] , which expands the projectile wave-function over a mesh on the unit sphere containing N θ × N φ points. At 44 MeV/nucleon, we go up to 14 × 27 points for the 12 C and 58 Ni targets and 10 × 19 points for the 208 Pb target. The radial mesh is quasi-uniform, contains N r = 800 points, and extends up to r Nr = 800 fm. The impact parameters considered in the calculations are discretized in steps h b = 0.25-5 fm in the range of b = 0-200 fm for all targets.
B.
208 Pb target at 44 MeV/nucleon
We start our analysis of the ratio method at intermediate energies (44 MeV/nucleon) on a lead target; these correspond to the experimental conditions of the MSU experiment of Davids et al. [30] . On Fig. 1 are represented the angular distributions for the breakup of 8 B into 7 Be and p at the continuum energy E = 125 keV (in b/MeV), the summed cross section (5) divided by Rutherford, their ratio R sum (6) expressed in MeV −1 , and the corresponding REB form factor |F E,0 | 2 [thick grey line, see Eq. (9)]. The solid curves correspond to the full calculation, including both 7 Be-Pb and p-Pb interactions. Calculations which do not include the latter are represented by the dashed lines (V pT = 0) and calculations using the alternative 
Analysis of the ratio method for 8 B impinging on 208 Pb at 44 MeV/nucleon. The ratio Rsum and REB form factor |FE,0|
2 are considered at an energy E = 125 keV in the 7 Be-p continuum and are given in units of MeV −1 . Differential breakup angular distributions dσBU/dEdΩ are given in units of b/MeV. Calculations using different sets of potentials are displayed (see text for details).
As initially observed in Ref. [46] for a one-neutron halo projectile, the breakup and summed cross sections oscillate and decrease as functions of the scattering angle in a very similar pattern. Accordingly, their ratio removes most of these features, leading to a smooth curve that follows the same trend as the REB prediction |F E,0 | 2 [13, 14] . This result exhibits little dependence on the choice of the 7 Be-Pb interaction: the ratio obtained with the alternative potential V ′ cT is nearly superimposed to the first one. At forward angles, this simply reflects the fact that both potentials lead to indistinguishable cross sections, which is to be expected for a Coulombdominated reaction. However, at angles θ 8
• , where the reaction becomes slightly more sensitive to the choice of nuclear-potential and the individual cross sections exhibit noticeable differences, both ratios remain superimposed. This result shows that the independence of the ratio to the reaction process is also observed for loosely bound proton-rich nuclei.
Compared to the one-neutron halo cases studied in Ref. [14] , the form factor predicted by the REB for 8 B overestimates the DEA calculations (compare Fig. 1 with the Figs. 2(b), 6 and 7 of Ref. [14] ). To understand this difference, we test the two approximations included in the REB, meaning the effect of the p-T interaction and the adiabaticity hypothesis. When V pT is set to zero, the ratio superimposes nearly perfectly with the REB form factor. Additional tests-not plotted here for the sake of clarity-have shown that this difference is solely due to the Coulomb p-T interaction. We can explain this result by noting that, in the REB model, the breakup is caused by the sole recoil of the core due to its interaction with the target, the valence nucleon being seen as a spectator. Unlike in one-neutron halo nuclei, the halo nucleon is charged here, which implies that the repulsive Coulomb interaction between this valence proton and the target reduces the tidal force responsible for the dissociation. The actual breakup and hence the ratio are then smaller than predicted by the REB at forward angles.
As noted in previous work [13, 14] , the adiabatic approximation made in the REB is responsible for an additional overestimation of the actual ratio by the REB prediction (see, e.g., the inset of Fig. 2(b) and Fig. 6 of Ref. [14] ). However, that adiabatic effect takes place only at very forward angles. This is also observed here: at angles θ 0.5
• , the REB form factor is slightly larger than the DEA ratio obtained with V pT = 0. As expected from the very small binding energy of 8 B, adiabaticity of the reaction assumed within the REB is rather well fulfilled here.
These results show that the overestimation of the ratio observed for 8 B with a lead target is mainly due to the Coulomb repulsion that exists between the proton halo and the target. This puts the ratio method at stake. However, since the Coulomb interaction is significantly reduced with a light target, we investigate whether the aforementioned problem can be avoided on a carbon target.
C.
12 C target at 44 MeV/nucleon
The results obtained on a C target at 44 MeV/nucleon are shown in Fig. 2 . As observed before, the breakup and summed cross sections oscillate in a very similar pattern. By taking the ratio, these oscillations are strongly reduced. However, contrarily to the Coulomb-dominated case, some remnant oscillations appear in the ratio. This is very similar to what has been observed for neutronhalo nuclei [14] ; the remnant oscillations are due to the slight shift that exists between the elastic and breakup angular distributions, which arises from the kick given by the target to the valence proton through V pT [15, 16] . This is confirmed by the calculation in which the p-T interaction is neglected, which is in perfect agreement with the REB prediction. At forward angle (viz. θ 3 • ), the REB form factor slightly overestimates the full DEA calculation. This is reminiscent of the problem observed with the Pb target. Accordingly it has the same root, viz. the Coulomb p-T interaction, which hinders the breakup and leads to a larger REB prediction compared to the actual ratio. However, the reactions on 12 C being nuclear dominated, this reduction happens only at forward angles and is smaller than in a Coulomb-dominated reaction.
To study the independence of the ratio to the choice of the c-T interaction, we use the alternative 7 Be-12 C potential mentioned in Sec. III A 2 (V ′ cT , dash-dotted lines). Unfortunately, both potentials provide nearly identical angular distributions. Nevertheless, at large angles (i.e., for θ 8 • ) they produce noticeable differences in the cross sections that are completely washed out within the ratio, confirming again that this observable removes most of the sensitivity to the reaction mechanism.
D.
58 Ni target at 44 MeV/nucleon
The previous sections have shown that the dynamical calculation can be directly confronted to the REB prediction only for a light target, like 12 C. Unfortunately, this is also the target that leads to the lowest breakup cross section and hence for which the ratio will be the hardest to measure. In order to find a compromise between accuracy of the method and feasibility of the measurement, we have performed another series of calculations on a 58 Ni target at the same energy. The results are displayed in Fig. 3 . The results obtained on the 58 Ni target are similar to those computed with the two previous targets. Here also, the dynamical breakup and summed angular distributions exhibit very similar decays and oscillatory patterns, which roughly cancel out when considering their ratio. Contrarily to the 12 C calculation, that ratio is not in full agreement with the REB form factor: At forward angle (θ 5 • ), the DEA ratio lies below its REB prediction, while at larger angles, it exhibits remnant oscillations. Both problems fully disappear when the calculation is performed without the p-T interaction. As discussed in Sec. III B, the former issue is due to the dominance in that angular region of the Coulomb part of the p-T interaction, which hinders the breakup. The second issue is related to the whole V pT , which produces a shift in the angular distributions, as explained in Sec. III C.
Although it produces a larger breakup cross section than C for θ 8
• , which would thus be easier to measure, the Ni target does not seem the optimal choice for a measurement of the ratio for 8 B because the ratio it produces cannot be directly related to the REB prediction. At least for this nucleus, it seems that light targets should be favored in an experimental use of the ratio method.
To conclude this first series of tests of the ratio method extended to proton-halo nuclei, let us compare the ratios obtained with the three different targets with one another. This is done in Fig. 4 , where we have plotted the breakup angular distributions computed at E = 125 keV expressed in b/MeV (dashed lines) and the summed cross sections displayed as the ratio to Rutherford (dotted lines) together with their ratio (given in MeV −1 but multiplied by 10 for readibility; solid lines) for the C (red lines), Ni (green lines), and Pb (blue lines) targets as a function of the momentum transfer Q [see Eq. (7)]. We observe that all three ratios are similar, even though the processes involved in the three collisions are very different. This confirms that, as observed for neutron-halo nuclei, the ratio method removes most of the dependence on the reaction mechanism, which shows that it can be extended to the study of one-proton halo nuclei. However, due to the presence of the p-T Coulomb interaction, a direct comparison of experimental data to the REB form factor (thick grey line) should be performed on light targets. On heavier targets, measurements should be compared to fully dynamical calculations, which, like the DEA, properly include V pT , or to an extension of the REB, which is currently under development to include a perturbative estimate of V pT [47] . (7)]. The breakup angular distributions, the ratio Rsum and the REB form factor |FE,0|
2 are calculated at an energy E = 125 keV in the 7 Be-p continuum.
IV. SENSITIVITY OF THE RATIO OBSERVABLE TO THE PROJECTILE STRUCTURE
A. Sensitivity to the ground-state structure
To evaluate the sensitivity of the ratio R sum on the structure of the projectile, we follow Refs. [13, 14, 17] and perform calculations for As expected from Eq. (9), the form factor shows a significant dependence on the projectile structure. However, unlike for neutron-halo nuclei [14, 17] , this dependence is mostly visible in the form-factor magnitude, the shape remaining very similar for all the cases studied here. Interestingly, the REB prediction follows pretty well the DEA ratio for loosely bound systems as shown in Fig. 5(a) . Note however that, as already observed for neutron halos [14, 17] , the agreement between the REB form factor and the actual ratio is better for low orbital angular momentum l. This agreement deteriorates when the binding energy increases [see Fig. 5(b) ], indicating that the ratio method works at best for loosely bound systems, like halo nuclei.
This series of tests shows that the ratio method can be safely extended to charged systems loosely bound in a low orbital angular momentum l. For such nuclei, actual data can be directly compared with the REB prediction (8) . When the binding energy or the orbital angular momentum increase, this direct confrontation will not be as reliable. In those cases, although the ratio removes most of the dependence on the reaction mechanism, which is an appreciable quality in itself, the data will have to be analyzed with an accurate model of the reaction, like the DEA.
B. Choice of the continuum energy
The calculations presented in the previous sections consider a single continuum energy E = 125 keV between the 7 Be core and the halo proton in the breakup channel. In the present section, we study the influence of the choice of this energy on the ratio method. In particular, we check how the method works at higher energy E in the c-p continuum and when an energy range is considered instead of a single energy. We also study if the presence of a resonance in the continuum affects the method.
An actual measurement of the ratio will require to consider a continuum-energy range or bin, and the statistics uncertainty will be improved if a broad bin can be considered. We therefore analyze how the method is affected by such a binning and how it varies with the width of the energy range. Namely, we consider the following bin ratio
where E min and E max are respectively the lower and higher bounds of the bin. This ratio is associated to the bin-integrated REB form factor
The DEA energy distribution for the breakup of 8 B on 12 C at 44 MeV/nucleon is presented in Fig. 6(a) , the contributions of the s, p, d, and f partial waves in the continuum are shown separately. The shape of this cross section is typical of the nuclear-dominated breakup reaction of halo nuclei [12, 48] .
Opportunely, the simplified version of the 7 Be-p potential of Esbensen and Bertsch [36] presented in Sec. III A 1 leads to a p 1/2 resonance at 2.3 MeV above the oneproton threshold with a width of 1.6 MeV. Albeit unphysical, that state will enable us to study the behavior of the ratio on and off resonance. As in Refs. [12, 48] , we observe a peak in the breakup cross section due to its p 1/2 contribution at the energy and with a width similar to those of the resonance.
For this study, we divide the at low energy and centered on the E = 125 keV used in the previous sections. The next two, 0-0.5 MeV and 0-1 MeV, are kept in the low-energy part of the nonresonant continuum. The fourth bin, 0-2 MeV, includes part of the resonant range. To clearly see the influence of the resonance, we also consider a bin including the resonance: 1-3 MeV. Finally, to test the possible use of a much broader bin, we look at the 0-4 MeV range. The corresponding results are displayed in Fig. 6(b) . The first bin (0-0.25 MeV) provides a ratio very similar to that of the sole E = 125 keV. The agreement between the DEA result and its REB prediction is hence excellent confirming that experimental data could be directly compared to the REB form factor (12) .
Similarly, the ratio calculated with the second (0-0.5 MeV) bin is qualitatively identical to that of the sole E = 125 keV and the first bin (0-0.25 MeV). The only quantitative difference is that this larger bin provides a breakup cross section-and hence a ratio-ten times as large as the unique continuum energy, which would be useful in an experimental application of the method. The third (0-1 MeV), and fourth (0-2 MeV) bins lead to similar results. Although the disagreement between the DEA ratio and the REB form factor slightly increases with E max , the direct comparison between experimental data and the form factor would still make sense. This suggests that the resonance does not really affect the ratio method. This is confirmed by the calculation performed with the bin centered on the resonance (1-3 MeV), which does not exhibit any peculiar behavior compared to the non-resonant continuum. The much broader bin (0-4 MeV) provides similar results. For the last two bins, the form factor is in less good agreement with the DEA ratio, as expected from the higher excitation energy, which is less compatible with the adiabatic approximation of the REB. However, they provide a larger ratio, which could significantly improve the statistics uncertainty in actual data taking. For practical purposes, a balance will thus have to be sought between the accuracy of the method and the practicality of its experimental implementation.
V. EXTENSION OF THE RATIO METHOD TO OTHER PROTON-RICH NUCLEI
A. 17 F, 25 Al, and 27 P
After the detailed examination of the 8 B case, we check the applicability of the ratio method to other proton-rich nuclei. The cases studied are 17 F, 25 Al, and 27 P. These proton-rich s-d nuclei are all seen as composed of a core of spin nil ( 16 O, 24 Mg, and 26 Si, respectively) and a loosely bound valence proton.
The loosely bound nucleus 17 F (S p = 601 keV) exhibits a 5 2 + ground state. In addition it also has a 1 2 + bound excited state at 106 keV below the one-proton separation threshold, which is usually depicted as exhibiting a one-proton halo structure. Within an extreme shell model, they are seen as a 0d 5/2 and 1s 1/2 proton bound to an 16 O core. This vision has recently been confirmed by a coupled-cluster calculation by Hagen et al. [26] . In addition to these two bound states, 17 F exhibits a . This potential includes a central plus a spin-orbit term of Woods-Saxon form factor, and reproduces the three aforementioned states.
Being closer to the proton dripline, the other nuclei 26 Si core. Following the results of Sec. IV, thanks to its loose binding and the nil orbital angular momentum of its valence proton, this nucleus could be an interesting test case for the ratio method close to the proton dripline.
To describe the ground states of these nuclei, we build purely central Woods-Saxon wells of diffuseness 0.65 fm and radius equal to 1.25 × A 1/3 c fm [50, 51] . The depths V 0 of these wells are adjusted to reproduce the proton binding energies in their ground states. These depths, as well as the characteristics of the ground states are summarized in Table. I.
To study the application of the ratio method to these nuclei, we follow the results of Sec. III and first consider a carbon target. We then analyze how choosing a Ni target might improve the method. The beam energy is selected at 60 MeV/nucleon, which can be produced at various RIB facilities. The optical potentials used in these tests are the systematic nucleus-nucleus potential of Xu and Pang [28] for V cT and the Chappel-Hill global nucleon potential for V pT [54] .
B.
12 C target at 60 MeV/nucleon
For each of the nuclei considered in this study, the DEA breakup cross sections as functions of the continuum energies E are plotted in Fig. 7 . We observe significant differences from the 8 B case [see Fig. 6(a) ]. First, the present cross sections are significantly lower than for 8 B. Second, they reach their first maximum at a higher energy (at E ≃ 4 MeV instead of 0.5 MeV for 8 B). These two issues are directly related to the higher binding energy and orbital angular momentum of the valence proton in these nuclei. This is particularly true for 25 Al, which, with S p ∼ 2 MeV and a d bound state, exhibits breakup cross sections about one order of magnitude lower than 8 B. These low cross sections might be a problem for the experimental application of the ratio method to these nuclei. The only exception seems to be 27 P, which, thanks to its relatively low binding energy and nil orbital angular momentum, is more easily broken up than the other two nuclei.
Note that, as for 8 B, we observe clear peaks in the breakup cross sections. As mentioned in Sec. IV B, they correspond to resonant structures in the c-p continuum. In the 17 F case [ Fig. 7(a) . Its narrow width fits that of the actual resonance Γ d3/2 = 1.5 MeV. The other is much broader and located at about 10 MeV in the continuum. It corresponds to a spurious f 7/2 resonance hosted by the potential of Ref. [49] , which does not correspond to any known physical state. Such f resonances are also observed for the other two nuclei at about E = 8-9 MeV. There too, they do not correspond to any known states. From the previous analysis (see Sec. IV B) and since they lie quite high in the continuum, we do not expect them to play any role in the present analysis.
The DEA ratios and their corresponding REB form factors evaluated for bins of ranges 0-0.5 MeV, 0-1 MeV, 0-2 MeV, and 0-4 MeV are plotted in Fig. 8 . Although they globally follow the REB predictions, the DEA calculations exhibit stronger remnant oscillations than in the 8 B case. As mentioned earlier, these oscillations result from oscillatory patterns that are similarly present in the breakup and summed cross sections. The p-T interaction shifts these two patterns leading to the remnant oscillations in their ratio. As shown in Ref. [46] , these patterns correspond to interferences between the near and far sides of the angular distributions. The stronger oscillations in the present cases are directly related to the changes in the relative significances of the near and far sides in the reactions induced by these heavier nuclei.
In the 8 B+C collision, the low Z c causes the reaction to be completely dominated by the (attractive) nuclear interaction, hence by the far side. The near side, corresponding to the repulsive part of the projectile-target interaction, is thus smaller. In that case, the interferences between the near and far sides lead to oscillations with a large wavelength (see Fig. 2 ). Here, as Z c is larger, the near side is amplified. This leads to more rapidly varying oscillations for both the breakup and elastic cross sections. The remnant oscillations in the DEA ratio observed in Fig. 8 are thus amplified compared to the 8 B case.
As observed in Sec. IV A, these remnant oscillations increase when the binding energy and/or the orbital angular momentum of the valence proton are increased. Accordingly, the ratio for 27 P [ Fig. 8(d) ] suffers less of these oscillations, and the REB form factor is in good agreement with the DEA ratio. This is especially true below 1 MeV, where the REB prediction is nearly superimposed on the DEA calculation. For that nucleus, a direct comparison of experimental data with the form factor (12) could be considered. Note however that due to the rather low breakup cross sections observed in this energy range (see Fig. 7 ), the actual measurement of the ratio might prove difficult.
C.
58 Ni target at 60 MeV/nucleon
To see if another target choice could increase the magnitude of the breakup cross sections, we perform calculations considering 58 Ni as a target at the same 60 MeV/nucleon beam energy.
The corresponding breakup cross sections are displayed in Fig. 9 as a function of the c-p relative energy in the continuum. As expected, the larger Coulomb P -T interaction leads to a larger breakup cross section. The ratios R sum computed for several continuum bins are plotted in Fig. 10 as a function of the scattering angle. As explained in Sec. III the larger Coulomb interaction leads the REB form factor to overestimate the DEA ratio. However, that overestimation is limited to the very forward angles (θ 2
• in the low-energy bins) thanks to the larger Z c of these heavier projectiles, which diminishes the significance of the p-T Coulomb interaction. At larger angles, the remnant oscillations are much smaller than for the C target, improving significantly the agreement between the dynamical reaction calculations and the REB predictions. The smaller remnant oscillations within R sum on the Ni target comes mostly from the absence of oscillatory patterns in the breakup and summed cross sections obtained within this more Coulomb-dominated process. In this case, the near side contribution is much larger and dominates the reaction mechanism up to θ ≃ 7
• . Oscillations are thus pushed up to these angles. This causes the DEA ratio to be much smoother with this medium-mass target than with 12 C. In most cases, this leads to a better agreement between the dynamical calculations and their REB predictions. For 17 F, the REB form factors agree with the DEA ra- tios up to 4 MeV in the 16 O-p continuum. In the case of 25 Al, the agreement between the DEA calculations and its REB predictions is less good, as expected from its larger one-proton separation energy and higher c-p orbital angular momentum. With its s bound state, low S p and larger Z c , 27 P nucleus seems particularly well suited for the ratio method. At least for the low-energy bins, the corresponding DEA ratios are very smooth and in excellent agreement with the REB form factors.
Let us note once more the advantage of taking as broad a bin as possible in calculating the ratios. The ratios taken within the range of 0-2 MeV are 3 to 4 orders of magnitudes larger than those taken within the range 0-0.5 MeV. It would be therefore easier to measure experimentally. Such a projectile-target combination could therefore be considered for an actual measurement in RIB facilities.
VI. CONCLUSION
The ratio observable is a recent tool proposed in Refs. [13, 14] to study the structure of loosely-bound systems like halo nuclei. It consists of the ratio of elasticscattering and breakup angular distributions and captures the projectile structure while showing little dependence on the reaction mechanism. This method has been shown to work quite well for one-neutron halo nuclei at both intermediate [13, 14] and low [17] beam energies.
In this work, we investigate the extension of this new reaction observable to study the single-particle structure of proton-rich nuclei. To this end, we first study the ratio method for a 8 B projectile, which has a clear 7 Be-p structure and is usually seen as the archetype of a charged halo nucleus. We consider light (C), medium-mass (Ni) and heavy (Pb) targets at intermediate beam energy. To obtain a reliable estimate of the actual ratio, we use the DEA [18, 19] , which provides excellent agreement with experimental data for one-neutron [19] and one-proton [20] halo nuclei at these beam energies.
Although the REB assumptions are not totally fulfilled (the Coulomb interaction between the valence proton and the target can hardly be neglected), we have shown that the ratio is independent of the optical-potential input of the reaction model. Similarly to what has been observed at low energies for one-neutron halo nuclei [17] , we find that the agreement with the REB is improved when the role of the Coulomb interaction is reduced. This suggests that a direct comparison of an experimentally measured ratio with the REB model would be best performed on light targets. However, breakup cross sections on such targets are small compared to heavier ones, on which the Coulomb breakup becomes significant. In actual data taking, the need for cross sections as large as possible means that a compromise should be found between good agreement with the REB and feasibility of the measurement. In some cases, medium-mass targets can be a good trade-off for experimental studies. For the same reason, the use of a broad energy bin in the c-p continuum instead of a single energy enhances the ratio by several orders of magnitudes. Although higher excitation energies are less compatible with the adiabatic assumption, the agreement with the REB prediction remains excellent.
As for neutron halos, the ratio method applied to proton-rich nuclei is very sensitive to the structure of the bound state of the projectile. We have shown that both the binding energy of the valence proton and the orbital in which it sits in the ground state affect significantly the magnitude of the ratio. Interestingly, the ratio method does not depend much on the description of the projectile continuum. In particular, it is unaffected by the presence of a resonant state. It could thus provide valuable nuclear-structure information on both sides of the valley of β-stability.
These results have been further confirmed in our analysis of other proton-rich nuclei, namely 17 F, 25 Al, and 27 P. This analysis shows that the applicability of the ratio method, which was originally designed for neutron-halo nuclei, can be safely extended to the proton-rich side of the nuclear chart. This interesting result opens new avenues within the study of nuclear structure away from stability by enabling us to reach details of the singleparticle structure of proton-rich nuclei inaccessible to conventional reaction methods. 
